SOMMERS DUALITY AND THE SPRINGER-STEINBERG MAP
FOR CANONICAL LEFT CELLS IN TYPES B AND C

ABSTRACT. Let (G,G") be the Langlands-dual pairs formed by Sp,,, (C) and SO2,41(C), and
O C Lie(G) be a special nilpotent orbit whose Barbasch—Vogan dual orbit O C Lie(G") has
good parity. We prove that Sommers’ generalized duality map for O agrees with the Springer—
Steinberg map on the Weyl-group elements parametrizing special-unipotent representations
attached to OV in the work of Barbasch—Vogan.

1. INTRODUCTION

Let GV be a connected complex reductive group, TV C BY be a maximal torus contained in a
Borel subgroup, and write

g/ =Lie(GY), W = Ngv(TV)/T".

Let n" be the nilradical of Lie(BY). For v € W, the Springer—Steinberg orbit Stgv(v) is the
unique nilpotent G'V-orbit whose intersection with

nY N Ad(o)n”

is dense and open in this vector space, where © € Ngv(TV) represents v. This defines the
Springer—Steinberg map; see Definition 2.3 and [19, 12].

A well-known special case arises from an even nilpotent orbit @Y. Choose a Jacobson—Morozov
triple (e, h, f) for OV with h € Lie(T") dominant and the eigenvalues of ad(h) on g¥ are all
even. Let LY = Zgv(h) be the Dynkin Levi subgroup, let W; C W be its Weyl group, and let
wr be the longest element of W;. Then

(1) Stgv(wr) = oV.

In this manuscript, we generalize (1) when (G, GY) is one of the ordered pairs

(Sp2n((c)7 SO2p,11 (C))7 (SOQN-‘rl(C)? Sp?n((c))'

Assume that OV has good parity in the sense of [4, Definition 2.6] (see Definition 4.1), and
put O = dpy(0OY) C g be the Barbasch-Vogan dual orbit of OV (c.f. [6], [8, §6.3]). For £ € O,
let A(O) = Zg(€)/Zc(€)°, and let A(O) be Lusztig’s canonical quotient. In [18], Sommers
generalized the Barbasch-Vogan dual map by assigning each conjugacy class [z] in A(O) a
nilpotent orbit:
ds(O, [z]) = (’)[vx] Cg”.

In particular, when [z] = [0] is trivial, then one obtains the usual Barbasch-Vogan dual
ds(0,0) = dpy(0) = OV.

Let I' be the equal-parameter Kazhdan—Lusztig left cell containing wy, with the conventions
of Section 2. By [6, §5], all special-unipotent representations of G attached to the orbit OV in
(1) are parametrized by the set ' NT'~! which, in turn, is bijective to the set of conjugacy classes
of A(O). Then the main result of the manuscript is the following:

Theorem 1.1. With the notation above, the cell-constituent labeling of Definition 8.5 gives a
bijection

AO) — T nT L, T — Ug.
It satisfies vg = wy and

(2) Stav(ve) = ds(O, x) (x € A(O)).
Key words and phrases. Kazhdan—Lusztig cells, Sommers duality, Springer correspondence, Steinberg variety,

nilpotent orbits.
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2 SOMMERS DUALITY IN TYPES B AND C

Here we identify each element of the abelian group A(O) with its singleton conjugacy class.

For the groups studied in this manuscript, the theorem above extends the result of Barbasch—
Trapa [5, Theorem 1.1], where they studied the stable sums of special unipotent representations
under the assumption that both O and OV are even. Under their hypotheses, the orbits dg(O, )
exhaust the special piece (see (12)) of OV, and our correspondence agrees with theirs. Our result
does not require the evenness assumption on O and, in such a case, some Sommers duals may lie
outside this special piece. We expect that these results may also be relevant to covering versions
of Barbasch—Vogan duality for complex groups; see [20, Remark 3.13].

Acknowledgements and declaration on the use of AI. This work was initiated at the
conference “The Unitary Dual of Local Reductive Groups”, held at the University of Seville in
June 2026. Following discussions with Dan Ciubotaru, the author formulated the statement of
Theorem 1.1, and carried out calculations for the theorem (in a more general setup) using python
with Codex. The mathematical proof was later developed with the assistance of ChatGPT 6
Pro.

2. GEOMETRIC AND ALGEBRAIC CONVENTIONS

In this section and Section 3, let H be a connected complex reductive group, with a Borel
subgroup B and a maximal torus 7' C B. Write h = Lie(H), let n be the nilradical of Lie(B),
and let N be the nilpotent cone. Put B = H/B, d = dimB, and W = Ny (T)/T. Let Sy be the
simple reflections, £ the length function, and sgn(w) = (—1)“®).

Identify B with the variety of Borel subgroups of H, and write ngs for the nilradical attached
to B’ € B. The Steinberg variety and its projection to N are

Z={(&DB1,B2) EN xBxB:{€np Nnp,}, pr(§, By, Bs) = €.

For v € W, let Z, be the closure of the locus where (B;, B2) has relative position v. These are
precisely the irreducible components of Z, each of complex dimension 2d; they are the closures
of the conormal bundles to the diagonal H-orbits in B x B.

Definition 2.1 (Conormal class, see [12] §4.1). We use the ordinary Springer convention: the
regular nilpotent orbit with trivial local system corresponds to the trivial representation of W.
Let

v HBM(Z,C) = C[w]

be the Springer convolution-algebra isomorphism in this convention, normalized by ¢([Zs]) = s—1
for s € Sy. Here Borel-Moore homology is in real degree 4d, and [Z,] denotes the fundamental
class, mapped to the homology of Z. The conormal classes

D, = ([Zy)]) (veWw)
form a basis of C[IV].

Lemma 2.2. For every v € W, the variety pr(Z,) is the closure of a unique nilpotent H-orbit
O. Moreover, O N (nN Ad(v)n) is dense and open in n N Ad(v)n.

Proof. The projection is proper because B x B is projective. Thus pr(Z,) is closed, irreducible,
and H-stable; since there are finitely many nilpotent orbits, it has a unique open dense orbit O.
The relative-position-v locus is dense in Z, and has image H - (n N Ad(v)n), so this image meets
O. Hence O N (nN Ad(v)n) is nonempty and open in the irreducible vector space n N Ad(v)n,
and therefore dense. O

Definition 2.3 (Springer—Steinberg map). The Springer—Steinberg map sends v € W to the
unique dense orbit Sty (v) in pr(Z,). Thus

Sty : W — {nilpotent H-orbits in b}, pr(Zy,) = Stu(v).
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Definition 2.4 (Ordinary Springer support). For an irreducible W-representation R, let (Ogr, LR)
be its pair under the ordinary Springer correspondence, where Lg is an irreducible H-equivariant
local system on Or. We write

R~ Spry(Or, Lr), Suppy (R) = Ok.
We use the following specialization of the equal-parameter Kazhdan—Lusztig basis:
@ =Yy (-D)OHWP 1)y (vew),
y<v

where < is Bruhat order and P, , is the Kazhdan-Lusztig polynomial. In particular, as = s—1 =
D,. Write <p, <g, and <y g for the standard left, right, and two-sided cell preorders, oriented
so that the spans of {a, : y <1 v} are left ideals. We use the usual cell subquotients; see [6,
(3.11)—(3.19)], where the cones are written with the opposite inequality. Explicitly, for a left cell
T, put

L<r =spanc{ay :y < I't,  Lep =spanc{ay:y <, I, y¢T'}, [[]=L<r/Ler.

Here y <y I means y <p v for some v € I'; we use the analogous notation for two-sided cells.
The descent sets are

Desr,(v) = {s € Sy : sv < v}, Desg(v) = {s € Sy : vs < v}.
Definition 2.5 (Family algebra and central projection). For a two-sided cell 9, put
J<o = spanc{ay : y <pgr 0}, Jeo =spanc{ay 1y <pr 0, y ¢ 0}.
These are two-sided ideals. The irreducible constituents of J<;/J<p form the family F, associated
with 9 [13]. Under the Wedderburn decomposition C[W] =~ @ perprw) Ende(R), set
Ay = P Endc(R),  po:CIW] — Ay, ar— (R(a))rer-
ReF,

We identify A, with its two-sided ideal in C[W]. Thus py(a) = zpa = azy, where z is the central
idempotent acting as the identity on the representations in F, and as zero on all others.

The following standard facts are the comparison results needed below. We state them in our
conventions to distinguish the conormal classes from the Kazhdan—Lusztig basis.

Proposition 2.6 (Conormal and cell comparison). (i) For every v € W,

(3) y = Z My, Dy, My € L>0, My = 1.
y<v

For s € Sy, the descent relations are

Dys =—D,, ays=—ay, ifvs<uwv,
sDy, = —D,, sa,=—a,, ifsv<w.

(ii) Central projection induces an algebra isomorphism

(4) J<o/J<o = Ap.

Proof. In the notation of [12], a, = a(v) and D, = b(v) = ¢(v). Thus (3) follows from [12,
Lemmas 1(ii) and 2, Theorem 6]. The right descent relation for D, is [12, Proposition 3(i)];
exchanging the two flags gives the left relation. The relations for a, are the usual Kazhdan—
Lusztig multiplication formulas.

For part (ii), semisimplicity of C[IW] shows that the simple ideals occurring in J<p but not in
J<p are exactly those indexed by Fy. Projection onto their sum therefore has kernel J.; and
image Ajp. (|

For a closed H-stable subset X C N, define
Fx = spanc{D, : Stg(v) C X}.
Geometrically, this is the image under ¢ of the top Borel-Moore homology of pr—!(X).
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Proposition 2.7 (The orbit filtration). For every closed H-stable subset X C N/,
(5) Fx= @ Endc(R).
Suppp (R)CX

In particular,

(6) R(Dy,) #0 = Suppy(R) € Stu(v)
for every v € W and every irreducible W -representation R.
Proof. For X = O, [12, Proposition 4] identifies Fx as a W x W-submodule and decomposes it

into the Springer representations attached to orbits in X. Under the Wedderburn decomposition

this is exactly (5). Finally, D, € Feiwy which gives (6). O

3. A PARABOLIC ORBIT COMPARISON CRITERION

Fix I C Sy. Let Wy be the subgroup generated by I whose longest element is denoted as wy.
Also, let T be the left cell containing wy, and 0 be the two-sided cell containing I'. Put

1
e — \7| Z (_1)““)% Qr={veW:1ICDesy(v)NDesg(v)}.
I ueWr

The element e is the parabolic sign idempotent: it satisfies €2 = e and ue = eu = sgn(u)e for
every u € Wr. The set Q; consists of the unique maximal-length representatives of the double
cosets in W \W/Wr.

Lemma 3.1 (Parabolic bases and their projections). The two families

{ay, : v € Qr}, {D, :v e Qr}
are bases of eC[W]e. Moreover,
Qirno=rnrt=s,
and the elements py(D,), v € S, form a basis of eAye. The projection py also induces a W-module
isomorphism [I'] ~ Aye.
Proof. For b € C[W], averaging over W gives
beC[Wle <= be=b <= bu=sgn(u)b (ue W),
beeClW|] < eb=b <<= ub=sgn(u)b (ueWp).
Thus C[W]e, under left multiplication, is isomorphic to Ind%l (sgn). If I C Desg(v), the descent
relations give a,s = —a, for every s € I, and hence a,e = a,. There is exactly one such v in
each right coset of Wy, namely its maximal-length representative. Since |W;\W| = dim C[W]e,
the set {a, | I C Desg(v)} therefore form a basis of C[W]e.
Similarly, if v € @y, the left and right descent relations give eaye = a, and eDye = D,,.

On each double coset WivW7i, the simultaneous left and right sign conditions determine all
coefficients of an element of eC[W]e from one coefficient. The signed sum

> ()
weWrvWr
is nonzero and satisfies both conditions. Consequently,
dim eC[W]e = [W \W/W;| = |Q1].

Both {a, : v € Qr} and {D, : v € Qr} are linearly independent subsets of bases of C[W] and
have this cardinality. Thus both are bases of eC[W]e.
We next determine which indices survive projection to the family of 0. Since P, ., = 1 for
u € Wi,
aw, = (—1)" D [Wyle.
Consequently, if I C Desg(v), then

a, € C[Wle = C[W]lay, € L<r, hence v <p, wy.
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If also v € 0, then v ~f, wr and hence v € I'. Conversely, every v € I' has the same right descent
set as wy, namely I. Thus the indices of the one-sided basis in 0 are exactly I'. Since taking
inverse interchanges left and right cells and fixes wy, the corresponding indices with I C Desy,(v)
are exactly I'~!. Taking the intersection proves

Qrno=Irnrt=s.
Note that for y <; I', y € 0 if and only if y € I". Hence (4) gives
ker(pD|LS[‘) = L<F'

Its image therefore has basis py(a,) : v € I'. For each v € T', we have aye = a,, so

Po(ay) = polay)e € Age.
Conversely, since C[W]e C L<r and

po(C[Wle) = po(C[W])e = Age,

the image is all of Aye. Thus p; induces the W-module isomorphism

[['l = L<r/L<r ~ Ape.
Similarly, py(eC[W]e) = eApe. Recall that eC[W]e is spanned by the a, for v € Qr, and every
such v satisfies v <pr 0. By (4), the surviving classes are

{po(ay) :veQrnNo=S8},

which form a basis of eAye.
Finally, we pass from the a,’s to D,’s. Inverting this triangular change of basis (3) gives

D, =ay,+ Z Ny w0y (veQr).

yEQ
y<v

For v € S, projection Kkills precisely the terms in this sum whose indices are outside S, leaving

pD(Dv) = pb(av) + Z ny,vpa(ay)'

yES
y<v

This is again a triangular change of basis with diagonal entries 1. Hence the py(D,), v € S, form
a basis of eAye, as required. O

Lemma 3.2 (Multiplicity of the parabolic sign representation). For every R € F,
dim(eR) = dim Homyy (R, [I']).
Proof. Lemma 3.1 gives [['] ~ Aye. The Wedderburn decomposition, as a left W-module, is
Aye ~ @ R® (eR)".
ReFy
Comparing multiplicities proves the formula. U

Theorem 3.3 (Parabolic orbit comparison). Let I C Sy, let wy be the longest element of W7,
and let I' be the left cell containing wy. Suppose that

[[] ~ @ R,
zeX
where X is a finite set and the R, are pairwise nonisomorphic irreducible W -representations.
Suppose that x — v, is a bijection
XSrnrth
For each x € X, put O, = Suppy(R,). Assume that the orbits O, are pairwise distinct and that
Stg(v:) CO,  (z € X).

Then, for every x € X,
Sty (vy) = Oy, R, (D,,) # 0.
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Proof. By Lemma 3.2, dim(eR,) = 1 for every y € X and eR = 0 for every other R € F,. Thus

eApye ~ @ Endc(eR,) ~ C¥,
yeX

where an element of eAye is sent to the scalars by which it acts on each one-dimensional space
eR,. Since D,, = eD,, e, it preserves each eR,; define T' = (T} 1)y zex by

Ry(DUz)|eRy =Tyx ideRy .

Since R, € Fo, Ry(Dy,) = Ry(ps(Dy,)) for all z,y € X. Hence the 2" column of T is the list
of scalars for py(D,,) in CX. Since py(D,,) form a basis of eAye by Lemma 3.1, this implies

that the columns of T' form a basis of CX, so T is invertible.
If T » # 0, then R,(D,,) # 0. and Equation (6) give:

(7) Ty #0 = O, CSty(vy) C O,.

Order the distinct orbits by any total order extending closure inclusion, and use this order for
both rows and columns. Then (7) implies that T' is upper triangular. Since T is invertible,
Ty # 0 and hence R, (D,,) # 0. This gives

O:): - StH(Ux) - @

and the result follows. O

4. CLASSICAL PARTITIONS AND SPRINGER CORRESPONDENCES

Throughout Sections 4-8, let X and Y denote the types of GV and G, respectively, and put
e=1if X=Bande=0if X =C.

4.1. Partitions, special orbits, and good parity. Let A = [\; > A2 > ...] be a partition of
an integer m > 0. Write || for its size, ¢(\) for its number of positive parts, A for its transpose.

Nilpotent orbits in g and g are identified with their Jordan partitions. In type B, such
partitions have size 2n + 1, and every even part has even multiplicity. In type C, they have size
2n, and every odd part has even multiplicity.

Definition 4.1. A nilpotent orbit of type B or C has good parity if all parts of its row
partition are odd in type B or even in type C.

Following [21, §2.1], we write a nilpotent orbit OV in gV as
OV =[r1>ry>-- >

in terms of its row lengths. For a nilpotent orbit O in g, we use the column lengths of its
partition:

O=(c1>ca> - >¢)=c1>ca>-->c¢f.

When needed, we may add zero entries at the end.
For partitions A = [A\; > -+ > A\¢J and p = [p1 > -+ > py] of m, with zeros adjoined so that
they have the same length,

k k
A = Z)‘i < Z“i for every integer k > 1,
i=1 i=1

which also gives closure order on nilpotent orbits. For X € {B,C} and a partition p of the
appropriate size, its X-collapse px is the greatest partition of type X dominated by p [8,
§6.3]. The partition p™ is obtained by increasing its largest part by one, with @ = [1]. For a
nonempty partition p, p~ is obtained by decreasing its smallest positive part by one and deleting
a resulting zero.
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4.2. Bipartitions and symbols. We now study Weyl group representations of G' and G". Let
Wi = (Z)27)™ x Sy,. For a partition A of m, inflate the Specht representation S* of S, to Wi,
through W,,, = S,,, and let k,, be the coordinate-sign character

m
Fm t (€1y.. ., €m;mT) —> Hei.
=1

Every irreducible representation of W = W, is of the form
E(A;p) = Ind%;‘wa (S/\ X (S* @ Kyp)),
where (\; p) is a bipartition of n, that is, |A| = a, |u| = b, and a + b = n. In particular,
E((n);@)=1,  E(2;1") = sgn,
where 1" is a column of length n. Tensoring with sign gives
(8) E(\;p) @sgn = E(u5 \Y).

Definition 4.2. Let E be an irreducible Weyl-group representation. Write a(F) for the least
exponent in its generic degree for the equal-parameter Hecke algebra, and b(F) for its least degree
of occurrence in the symmetric algebra of the reflection representation. The representation is
special (in the sense of Lusztig [13]) if

a(E) =b(E).
A nilpotent orbit O is special if its Springer representation Spr(Q, 1) is special.

For X € {B,C}, a type-X partition \ is special if and only if A\ is also of type X [11, §1.3.1].
In particular, every good-parity orbit is special.

Definition 4.3 (Partition correspondence). Let € € {0,1} and let p be a partition of 2n + &. If
p is of even length, adjoin a zero so that p has odd length 2m + 1. Its beta-numbers are the
distinct integers

pj+2m+1—j (1<j<2m+1).
Define Z2.(n) to be the set of such partitions for which exactly m+ 1 beta-numbers are congruent
to € modulo two and exactly m have the other parity.

Let X = B when ¢ =1 and X = C when € = 0. For p € Z.(n), separate its beta-numbers by
parity, listing each parity in decreasing order. Define the bipartition (A; ) by requiring the ith
beta-number in each list to be

200 +m+1—-i)+e (1 <i<m+1, parity ¢),
20pi+m—i)+1—¢ (1<i<m, parity 1 —¢),
and set
IIx(p) = E(X; p)
the irreducible representation of W corresponding to p.

The map IIx is the injective partition correspondence of [17, §2, pp. 79-80]. It is independent
of the number of zero parts adjoined and satisfies

Ip([2n+ 1)) = He([2n]) = 1.
Both sets &.(n) are stable under transposition [17, Lemma 2.10].

Definition 4.4. Let E(\;u) be an irreducible representation of W. Its Lusztig symbol is
defined by
( Al +m e Am+1 >\m+1)
w1 +m— 1 --- Lm ’

Both rows are strictly decreasing and nonnegative.

An entry in the Lusztig symbol is isolated if it occurs only once in the two rows. Also, two
Lusztig symbols of lengths m + 1 and m are congruent if their combined entry multisets agree
after shifts to the same row lengths. A symbol is special if its entries interleave, equivalently if

ANi+12>pi > N (1<i<m).



8 SOMMERS DUALITY IN TYPES B AND C

A family consists of the representations whose Lusztig symbols belong to a fixed congruence
class. Each congruence class has a unique special symbol.

Proposition 4.5 (Classical partition and Springer correspondence). For X € {B,C}, every
nilpotent-orbit partition of type X belongs to P:(n), and

IIx(p) = Sprx(p, 1).
Here Sprg and Spro denote ordinary Springer correspondence for SO2,41 and Sp,y,,, respectively.
For every p € Z.(n),

(9) Ix (p') = Mx(p) @ sgn.
For special orbits in Langlands-dual Lie algebras,
(10) Spre(0,1) ® sgn = Sprev (dpy (0), 1).

Proof. The first assertion is the classical partition construction of ordinary Springer correspon-
dence, in precisely the normalization of [17, §2, pp. 79-80]. Equation (9) is [17, Lemma 2.10].
Equation (10) is the sign characterization of Barbasch—Vogan duality on special orbits [6]. O

Definition 4.6. The type-X u-symbol of E(\; ) is
(11) < A1 +2m Am + 2 /\m+1> ‘

pm+2m—-1—-¢ - pup+1-—c¢
Two u-symbols of lengths m + 1 and m are similar if their combined entry multisets agree after
shifts to the same row lengths. A u-symbol is distinguished if its rows, written increasingly as

ap -+ Am-1 Gam
bo -+ by )
satisfy ap <bg < a1 <+ <bp-1 < apm.

Proposition 4.7 (Ordinary Springer support and u-symbols). Two irreducible W -representations
have the same ordinary Springer support for a fized type X € {B,C} if and only if their type-X
u-symbols are similar. Each similarity class has a unique distinguished representative, up to
shift, and this representative corresponds to the trivial local system on its orbit.

Proof. These assertions are the classical u-symbol description of ordinary Springer correspondence;
see [3, §§3.2, 3.4, 4.1-4.2] and [11, Appendix A.2]. O

4.3. Canonical quotients and family labels. For { € O, let A(O) = Z¢(§)/Zc(£)°, and let
A(O) be its Lusztig canonical quotient, which is an elementary abelian 2-group in our cases.
For a finite abelian group A, write A = Hom(A, C*).

Let Fo be the family containing Spr (O, 1). The Springer-compatible family parametrization
is

KO f(r) — Z(O) X Z(O)
It is an injection [3, §§3.1-3.4]. On its image we define op(z,x) = KZ(_QI (x,x); in particular,
00(0,1) = Spr;(0O, 1). The special piece of O is
(12) PO)=0\ |J O.
O’ special
o0'coO

The generators used for the family labels are specified in Section 5.

A left cell C is pure for O if all pairs (x,1) occur and

= P oolz1).

z€A(0O)
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5. PAIRED PARTITIONS AND CANONICAL CLASS LABELS

5.1. The good-parity orbit and its dual. Let OV C gV have good parity, with X, Y, and ¢
as in Section 4. In the notations of [21, Proposition 2.2]:

y
(13) OV =[2h1+¢€,...,2hosq1 4+ €] =[r1 > > 1o U U 1B, Bj].

Here z = f +y and hy > --- > ho,y1 > 0 are integers. When X = C’, we adjoin a final zero
row if necessary. The pairs [f3;, ;] are precisely the equal pairs among the designated pairs
[2hog—1 + €, 2hg, + €] for X = B, or [2hok + €,2hog 41 + €] for X = C. Put

p;i=2i—¢€ (1<i<f).

We pair up the ‘retained’ rows r; by [rp,, 7p,+1], with rp, > 7, 11. In particular, rofyq for X = B
and ry for X = C remains unpaired.
The classical duality formula [21, Lemma 4.2 and §4.2] gives the following column expression:

—-1), e=1
14 O = dpy(0Y) = —1 1) 7 (raf+1— 1), ,
1) sv{ U et L:J (55 6) 0 {(7’1 +1,0), e=0.

If rp, is the ¢-th row length of OV, then rp, 11 is its (¢ + 1)-st row length, and the ¢-th and
(£ 4 1)-st column lengths of O are r,, — 1 and 7,41 + 1, respectively.
Set R ={1,..., f}. The orbits OV and O will remain fixed throughout Sections 5-8.

5.2. The partitions indexed by subsets of R.
Definition 5.1 (The orbits OY). For every J C R, define the row partition

Yy
~ T2f+1), €= 11
(15) pPJ = U[rpz' - 1’rp¢+1 + 1] U U Tpmrpﬂrl U U BJ’BJ {[ I ]
Jj=1

ieJ iER\J (1], e=0.
Set
(16) OF = (pr)x
Note that only the selected pairs in (15) have parity 1 — . The collapse rule of [8, §6.3]
therefore gives
[rp: = Lrps1 + 1) 1p, = Tp1 = 2,

(1eJ).
[T;Di - 27Tp¢+1 + 2]) Tp, — Tpi+1 = 4

(17) [Tpi - 1’Tpi+1 + 1] — {
The unselected pairs, all pairs [3;, 3;], and the unpaired row remain unchanged. In particular,
Pz = OV and O} = OV.

Definition 5.2 (The orbits O ). For every J C R, define O by the following column expression:

(rofp1—1), e=1,

(18) Oy = U(rpivrpi+1) U U (Tpi = Lrpig1 + 1) U ﬁﬁﬁj {(7"1 +1,0) e =0.

ieJ 1ER\J

Thus the selected column pairs of O are replaced by the corresponding pairs of lengths in OV,
and every other column is unchanged. In particular, Oy = O. By [21, Proposition 2.3], this is a
nilpotent orbit of type Y.

We now construct a bipartition (A’; u”) for each J C R. Start with the list hy, ..., ho, 1 in
(13). Define (\?; ?) by:

For i € J such that row pairs [2hy +¢€, 2hy41 +€] = [rp,, 7p,+1] match. Then there exists a unique
j such that k =25 —cand k+1 =25+ 1—¢, and we let

(19) ()‘]Jrl e’ ,U,j ) (M? —& )‘?—i-l—s + 6)'
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After applying the changes (19) for all ¢ € J, define
Ry :=EW\;u’).
Lemma 5.3. For every J C R, py € P(n), and
(20) Iy (0f) = Tx(ps) = Ry.
All Ry have congruent symbols. The symbol of Ry is special and has exactly 2f + 1 isolated
entries.
Proof. We only present the proof for p;. The changes [rp,,7p,+1] — [rp, — 1,7p,41 + 1] for
each ¢ € J exchange the parities of the corresponding beta-numbers. By directly applying the
algorithm in Definition 4.3, it gives the (A’; u”) as described before the lemma.
The symbol of Rz has weakly decreasing interleaved entries
2z+1—k+e
O
2
and hence it is special. The f-pairs give repeated entries, while the pairs [rp,, rp,+1] for i € R
and the unpaired row give exactly 2f + 1 isolated entries. Applying (19) for all 7 € J and the

formula for computing Lusztig symbols in Definition 4.4, it exchanges its two Lusztig symbol
entries between the rows, so all R; have congruent symbols. O

(1<k<2z+1).

5.3. The generators and the family labels. We now describe A(Q) for

d Y (T2f+1_1)7 8:17
O=(a>c>-)=Jp —Lrp+ 1)U J(B8) U (m+1.0). =0

i=1 j=1
as in (14) using the classification in [11, §1.2.2 and Proposition 1.3]. Under their notations, the
multiplicity and height of a certain row length ¢ are given by:
ma(q) =cg —cgr1,  halg) = ¢4
For £ € O and each position ¢ such that ¢; > ¢4+1 and ¢ =1 — ¢ (mod 2), let z, denote the
component of determinant —1 in the orthogonal factor Ocq_cq .1 of the centralizer of § in the full
isometry group, with the identity component in every other factor. For € = 1, they generate
A(0O); for € = 0, only products with an even number of z,’s generate A(O).
Now study A(O). For i € R, let ¢; be the column number such that
(qu‘*l’cqz‘) = (T;Di —Lirp1 + 1), ¢=1-¢ (mod 2).
Put x9g =1, gqo =0 when € =1, and ¢y = 1 when € = 0. Then for ¢ € R and J C R, define
(21) éZ = Lg;_1Lq;5 Ly = Zéﬁ = H Lg;_1Lq;-
e icJ
For f > 0 and € = 1, the first generator is #; = Tq,; for e = 0, every displayed product has an
even number of factors. B
We claim that the 6;’s generate A(O) in [11, Proposition 1.3]. Indeed, one has
Cq; > Cqi+1, Cqi—2 > Cq;—1-

Since ¢q, = rp,+1 + 1 has parity 1 — ¢, and the -columns have the opposite parity [11, Equation

~Y

(1), Proposition 1.3] implies that the classes T,,_2Z,, are precisely the basis elements of A(Q) =
(Z/27)7. In particular, J — 27 is a bijection between subsets of R and A(O).

Remark 5.4. The above construction of A(O) is compatible with that of [21, §2.2], where the
author used column sizes ¢, instead of column number ¢ to denote the elements 6; € A(O).

Proposition 5.5 (Canonical classes and family labels). The orbits in P(QO) are exactly the Oy,
for J CR. For every such J,

(22) O—O(va 1) = SprG(OJa 1)
Consequently every pair (x,1) with x € A(O) occurs, and
(23) RJZO’@(:CJ,I)@Sgn:Hx(ﬁJ).
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Proof. By Lemma 5.3 and (9), it suffices to show that
oo(zy,1) = Sprs(Oy,1).

The elementary collapses defining O; give all the orbits in P(O); see [14, Propositions 1.8
and 2.8, §6.1]. By [14, Theorems 0.2 and 0.4], their trivial-local-system Springer representations
belong to Fp and have family labels of the form (z,1). It remains to identify z in our notation.

Fix i € R and put ¢ = ¢;, u = cg—1 = 1p, — 1, v = ¢4 = 7rp,41 + 1. The column change
(u,v) = (u+1,v — 1) is the row collapse
(24) 4, (¢ = 1), ¢ = 2] = [(g = D*7"*7).
Here u — v is even, and for ¢ = 2 the last entry on the left is an adjoined zero. This is the
modification given in [14, Propositions 1.8 and 2.8] and [11, §1.3.1, formulas (2)—(3)]. Under the
Springer-compatible identification with A(Q), this endpoint pair is
= 0;.
by [11, Theorem A.5 and §A.7]. Therefore, the element z; = >, ; 0; correspond to the collapsed
orbit Oy € P(O), and [14, Theorem 0.4] gives

ko (Sprg(0y,1)) = (x4,1).

(25) Lqlg—2 = Lgq;_1Lyg;

7

This proves (22). Finally, Lemma 5.3 and (9) give (23). O
Example 5.6. Let G¥ = Sp3(C) and OV = [8,6,2,2]. The row decomposition (13) is
[7‘1,7“2,7‘3,7“4,1"5] = [8a6a2a270]> f:2a y=0.

The equal rows of length 2 belong to different designated pairs, namely [6,2] and [2,0], and
therefore do not form a S-pair. Formula (14) gives

0 =1(9,5,3,1,1,0), R ={1,2}.
The corresponding column pairs are (5,3) and (1,1), so g1 = 3, g2 =5 (with go = 1). Hence
01 =773, 0y = T375.
The special Lusztig symbol of O, with rows written increasingly, is
(0 1 3 4 6)
1 2 3 5 '
Its isolated entries are 0,2,4,5,6. The changes at ¢ = 1 and ¢ = 2 transfer the pairs {2,4} and

{5, 6}, respectively. Proposition 5.5 assigns the labels (0,1), (61,1), (62,1), and (61 + 2,1) to
the trivial Springer representations of Oy for J = @, {1}, {2}, {1, 2}, respectively.

6. EVALUATION OF GENERALIZED DUALITY
Retain the notation of Section 5.
Proposition 6.1 (Evaluation of generalized duality). For every J C R,
(26) 45(0, 1) = OY.

Its row partition is obtained from (15) by applying the collapse rule (17). The orbits OY are
patrwise distinct as J varies.

Proof. Retain the column lengths ¢ and the positions ¢; used in (21). Fix J C R, and let
0y > -+ > Ly > 0 be the positive integers that occur an odd number of times among (¢; — 2, ¢;)
for ¢ € J. By (21), one has

Ty = quiflxqi = H Tq;—2Tq; = Ty = T,
i€ e
In particular, each ¢; is a column position satisfying ¢;; > ¢g;4+1 and {; =1 —¢ (mod 2). Thus
O has a Jordan block of each size £;. If € = 0, no endpoint is zero, so s is even.
Choose £ € O and let V_ be a nondegenerate orthogonal sum of one Jordan block of each
size ¢; in the natural representation V. Put V, = VL. The involution s; = —1y & 1y,
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belongs to Zg(£), and its image in A(O) is x;. Writing dim V_ = 2m, the pseudo-Levi subgroup
Lj = Zg(sy)° of G has type

Cp X Cp—m, =1,
Dy X By, € =0,

with factors of rank zero omitted. The Jordan partitions on V_ and V4 are A = [¢1,...,{s] and
n = O\ A, respectively, where the difference removes the indicated rows.

Sommers’ duality is defined using Lusztig—Spaltenstein duality in L; and truncated induction
of the resulting Springer representation with trivial local system. The classical formula of [18,
Theorem 12] gives

(27) ds(0,z5) = (N +dsy(n))x,

where 4+ denotes componentwise addition of row partitions, with zeros adjoined when their
lengths differ. Note that the partition 7 need not be special.

Write the column partition of A as \' = [a1 > ag > - - -], where ay, = #{j : {; > k}. Cancelling
repeated z,’s changes each cumulative count by an even number. Thus, for every k > 1,

ar =Y (lk<g—2+ Lr<q) =Y lg1<k<q,  (mod 2),
ieJ ieJ
where 1p is 1 if P holds and 0 otherwise. The pairs of positions {g; — 1, ¢;} are disjoint, so aj, is
odd precisely at k = ¢; — 1, ¢; for ¢ € J. Since every {; has parity 1 — ¢ and the ¢; are distinct,
we also have ag,—1 = ag, and ap — ag41 € {0,1}. Hence

n=(e1>e>-), €k = Ck — Qf:.
By [8, §6.3],
()" )p, e=1,
dpv(n) = { _
(") )e, =0
For i € R, the entries eq,_1, €4, have parity € if 7 € J and parity 1 — e otherwise. At the positions

of (Bj, ;) their parity is €. Also, ez, 41 is even if e = 1, and e; is odd if e = 0. For 1 <k < 2z
with k =1 — ¢ (mod 2), we have

(28) €k > Ck+1

whenever either entry has parity 1 — . If ex and ex41 have different parities, then ex > ex41
because the entries are weakly decreasing. Otherwise both have parity 1 —e. By the parities of
the columns in (14), the integers aj and ayy;1 are then even. Since ay — agy1 € {0, 1}, they are
equal. Thus e, — ex11 = ¢ — cpr1 > 2, as required.

In the collapse rule [8, §6.3], list the entries of 1’ of parity 1 — ¢ in decreasing order, including
the final zero if ¢ = 1 and eg,+1 = 0. These entries occur in pairs at the unselected retained
positions, together with the endpoint required by the + or — operation. Increasing the first
entry when ¢ = 1, or decreasing the last positive entry when ¢ = 0, shifts the pairing across
these retained pairs. If € = 0 and the smallest positive entry is even, its preliminary decrement is
undone by the subsequent C-collapse, which decreases the preceding odd entry instead. Thus the
upper entry of each unselected pair is the second entry of one collapse pair, and its lower entry
is the first entry of the next. Entries at selected pairs and at S-pairs are unchanged. The strict
inequalities above show that the collapse pairs are unequal, so each [u, v] becomes [u — 1,v + 1].
Consequently, by (28), write

dv(n) = [f1, fo, .. .].

Then dpy (n) is obtained as follows:

_ leqi—15€q:)s i€,
a1 fal = {[eqil +1le,—1], i€R\J

At the positions of (8}, 8;), we have fi, = ey, while
forpr =e241+1 (e=1), fi=er—1 (e=0).
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Since ay, + e = ¢, it follows that

Nt dpy(n) = a1+ fi,. .., 6241 + fozr1] = Py

Equation (27) now gives dg(O,z;) = (ps)x = OY. The row formula follows from (17). Each
selected pair changes its upper row, whereas each unselected pair leaves that row unchanged.
Since the changes preserve the positions of the pairs, the resulting partition determines J. Thus
the orbits OY are pairwise distinct. O
Example 6.2. Let n = 7 and OV = [ry,79,73,74,75] = [7,3,3,1,1], i.e. f =2, and y = 0.
Formula (14) gives O = (6,4, 2,2,0), with retained column pairs (6,4) and (2,2). Here ¢; = 2,
g2 = 4, and
R = {1,2}, 0, = T3, 0y = T277.

Propositions 5.5 and 6.1 give

J Tg OJ Oy

@ 0 (6,4,2,2,0) [7,3,3,1,1]

{1y 6 (7,3,2,2,0) [5,5,3,1,1]

{2} 6, (6,4,3,1,0) [7,3,2,2,1]
[ ]

{1,2} 6, +6, (7,3,3,1,0)
The corresponding bipartitions of Ry, in this order, are
((3,1):(2,1)), ((L1):(41)), ((3):(2,2), ((1);(4,2)).

Selection of ¢ = 2 retains the equal row pair [2,2] under collapse. Selection of i = 1 changes [6, 4]
into [5, 5]; for instance py1y = [6,4,3,1,1].

9,9,2,2,1

7. ORDINARY SPRINGER SUPPORTS

For J C R, Proposition 5.5 gives Ry = op(xs,1) ® sgn. We shall show that its ordinary
Springer support is QY. The local system on this orbit need not be trivial, even though the
character in the family label (z7,1) is trivial.

Proposition 7.1. For every J C R, the representations Ry = Ilx(py) and IIx(OY) =
Sprev(0Y,1) have similar type-X u-symbols. Consequently

(29) Suppev (Ry) = OF = (pr)x-
Moreover, Ry = Sprgv (0, 1) if and only if 7, — rp,41 = 2 for every i € J.

Proof. We show that R; and IIx(OY) have similar u-symbols, and hence the same ordinary
Springer support. By definition, this means that their combined entry multisets agree. We
compare these multisets pair by pair, using the common odd length 2z + 1 for the partitions.

By (17), the unselected pairs, the S-pairs, and the unpaired row are unchanged; so are selected
pairs with original gap two. Thus only selected pairs with original gap at least four can contribute
different u-symbol entries.

Consider such a pair in rows k,k + 1 of OV, where k = 2j — ¢ and hy — hg,1 > 2. The
row changes in (17) stay within the pair’s original interval of row lengths, so its positions are
preserved. The pair contributes one beta-number of each parity in both partitions; all entries
outside the changed pairs therefore keep their indices and values in the two u-symbol rows. By
(11) and (17), this pair contributes the same unordered pair

{hk+22—k, hk+1+22+1—k}
to both u-symbols. The two entries lie in opposite rows and are exchanged when passing from
Rj to IIx(OY), in either type B or type C. Thus every changed pair preserves the combined
multiset. Together with the unchanged entries, this proves similarity. Propositions 4.7 and 4.5
now give
Suppgv (Ry) = Suppgy (Ix (OF)) = O,
which is (29).
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Finally, the local system of R; on this common support is trivial if and only if Ry = IIx(OY).
Since Ry = IIx(py) and IIx is injective, this is equivalent to p; = OY. By (17), that equality
holds exactly when every selected pair has original gap two. U

Example 7.2. Continue Example 6.2 with J = {1}. Proposition 7.1 gives
Ry =E((1,1);(4,1)),  Suppgv(Ry) =0y =[5,5,3,1,1].

The u-symbol of R; and the distinguished u-symbol with the same combined multiset are, with

increasing rows,
0 3 5 0 3 6
1 6 ’ 1 5 ’

respectively. The second array represents E((2,1);(3,1)) = Sprgv(OY,1). Since these represen-
tations are distinct, the ordinary Springer pair of R; consists of [5,5,3,1, 1] and a nontrivial
local system.

8. THE CANONICAL CELL

8.1. Insertion partitions and the natural representation. We use insertion partitions to
label the constituents of a left-cell representation and to bound the Jordan type of a Springer—
Steinberg orbit. The first step is to compare ordinary insertion with Garfinkle’s domino
correspondence.
Extend v € W by v(—i) = —v(i) and, when X = B, by v(0) = 0. Let ¥ be its permutation of
the ordered set
1,...,n,0,—n,....,—1, X =10,
1,....,n,—n,...,—1, X=C.

Write P(0) for its ordinary Robinson—Schensted insertion tableau and sh P(v) for the partition
of its row lengths. We use the partition correspondence Ilx of Definition 4.3, with ¢ = 1 for
X=Bande=0for X =C.

Lemma 8.1 (Insertion partitions). For every X € {B,C} and every v € W, the partition
sh P(0) belongs to P-(n). It is the common shape of the pair of domino tableauz assigned to v
by Garfinkle’s correspondence [9, 10].

Proof. Garfinkle’s correspondence associates to each signed permutation a pair of standard
domino tableaux of the same shape [9, Theorem 1.2.13 and Remark 1.2.14]. These shapes lie in
P(n). In our coordinates, the reflection t of [7] changes the sign of coordinate n, and their s;
interchanges coordinates n — i and n — i + 1. The order-preserving relabeling is i — —(n+ 1 —1i),
—i—n+1—14, and 0 — 0 when X = B. For the embedding v — v above, the comparison with
ordinary insertion in [7, Theorem 3.3] identifies this common Young diagram with the diagram
of P(v). This proves both assertions. O

Write Irr[A] for the set of isomorphism classes of irreducible constituents of a left-cell repre-
sentation [A].

Proposition 8.2 (Classical cell correspondence). Let X € {B,C} and let A be an equal-
parameter Kazhdan—Lusztig left cell in W, with the convention as = s — 1. Then the following
statements hold.

(i) [A] is multiplicity-free.
(ii) The map
ANA™Y — Trr[A], v +— Ix (sh P(7))
is a bijection.
Proof. The type-B and type-C' cell theorem [17, Lemma 3.1 and Theorem 3.2] proves multiplicity-
freeness and identifies the elements of a left—right cell intersection with the common irreducible

constituents of the two cell representations. The identification sends an element to IIx of its
domino shape.
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Take the right cell to be A~!, whose representation has the same irreducible constituents as
[A]. Lemma 8.1 identifies the domino shape of v with sh P(v), giving the stated bijection. O

We now compare the classical and general linear nilradical intersections. Let V' be the natural
representation of GV, with basis indexed by the ordered set above, and let ny be the strictly
upper-triangular matrices in gl(V'). Choose the standard Borel so that n¥ = g Nnau.

Lemma 8.3 (Geometric dominance bound). For every X € {B,C} and everyv € W,
(30) Stgv(v) = sh P(v),
where a nilpotent orbit is identified with its partition.

Proof. Let p, be the permutation matrix of ¥, and choose a monomial representative v € GV
with the same underlying permutation. The two matrices differ by a diagonal matrix, which
preserves every matrix-unit line. Consequently,

Ad(0)ng = Ad(p,)na, n’ NAd(0)n" C nyg N Ad(p,)na.

Put p = sh P(v). By the type-A Springer—Steinberg theorem [19], elements of Jordan type
p form a dense subset of the general linear intersection. That intersection therefore lies in the
closure of the general linear nilpotent orbit of type p. Every element of the classical intersection
has Jordan partition dominated by p.

By Lemma 2.2, the classical intersection contains an element of Stgv(v). Applying the
preceding bound to this element proves (30). O

8.2. The canonical-cell representation. Let OV = dpy(O) have good parity. Choose an
sly-triple (€, h,n) with £ € OV and h dominant. The orbit OV is even: all eigenvalues of ad(h)
are even. Its Dynkin Levi subgroup is LYV = Zgv(h). The Weyl group W is the standard
parabolic subgroup generated by the simple reflections whose simple roots vanish on h. Let wy
be its longest element, and let I be the left cell containing w;. Use the classes, representations,
and partitions of Sections 5-7.

Proposition 8.4. For either type X € {B,C} and the good-parity orbit OV fized above,
=& Ry

JCR
This representation is multiplicity-free. For each J C R there is a unique vy € T NT ™! such that
T (sh P(5)) = Ry, and
(31) sh P(vy) = py.
Proof. By [6, (5.27) and Proposition 5.28],

' ®sgn = @ oo(z,1).
z€A(0)

By Proposition 5.5 and (23), this gives the asserted multiplicity-free decomposition.
Proposition 8.2 identifies I' N I'"! bijectively with these constituents. For its element vy,
Lemma 5.3 gives

Ix (sh P(5)) = Ry = TLx (5):
The injectivity of IIx [17, p. 80] proves (31). O
Definition 8.5 (Canonical-cell labeling). For z € A(O), write x = x; using (21), and set

vy = vy and R, = Ry, where vy is the element of Proposition 8.4. Equivalently, v, is the unique
element of I' N I'~! whose constituent under Proposition 8.2 is

R, =0o(r,1) ® sgn, IIx (sh P(v3)) = Ry.
Thus [T] = @, 50y Re-
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8.3. Proof of the main theorem.

Proof of Theorem 1.1. Since O has good parity, the duality formula (14) determines O =
dpy (0Y). Proposition 5.5 identifies all the classes z; and proves occurrence of their labels
(x7,1). Proposition 8.4 gives the cell decomposition and the unique elements v, , = v;.

We apply Theorem 3.3 to the group G. Propositions 7.1 and 6.1 give

Suppgv (Ry) = O = ds(O, z ).
These orbits are pairwise distinct by Proposition 6.1. The geometric bound of Lemma 8.3 and
(31) give
Stev(vs) 2 pJ.
The left-hand side is a type-X partition. Since (pyj)x = OY, the defining maximality of
X-collapse gives
Stgv(vy) < O(\I/7 Stgv(vy) C @
All hypotheses of Theorem 3.3 have therefore been verified. It follows that
Stav(v) = OF = ds(O, )

for every J, proving (2) for base dual orbits of good parity in both ordered pairs of groups.
Finally, wI_1 = wy, so wy = vy for some J C R. Since OV is even, it is the Richardson orbit of
the standard parabolic with Levi subgroup LV [6, Corollary 5.6]. The nilradical of this parabolic
is n¥ N Ad(wr)nY, so
Stgv(wr) = oY = Og

The pairwise distinctness in Proposition 6.1 therefore gives J = &. Hence vy = vy = wy. O

Corollary 8.6. Let wg = —1 be the longest element of W. The left cell Ccan = Two is pure for
O, and
vpwo € Cean N Cops (x € A(O)).

Proof. Multiplication by wqg takes a left cell to a left cell and tensors its representation with sign
[17, Proposition 2.11]. The decomposition in Definition 8.5 therefore proves that Ce,y is pure for
O. Since wy is central and w3 = 1,

(Two) N (Twe) ™' = (T N T Hwy.

The asserted membership follows. U
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