DIRAC COHOMOLOGY OF STANDARD MODULES
FOR REAL REDUCTIVE GROUPS

ABSTRACT. Let G be a real reductive group. We prove that normalized parabolic induction for
G has zero Dirac cohomology whenever the inducing exponent is nonzero. In the case of standard
modules, we showed that it has nonzero Dirac cohomology if and only if it is twisted-elliptic
in the sense of Barbasch—Pandzi¢—Trapa. Both results can be seen as a real-group analogue
of the work of Chan in the setup of graded affine Hecke algebras. Finally, we show that the
same techniques can be applied to get a simplified proof of the generalized vanishing theorem
for induced graded affine Hecke algebra modules.

1. INTRODUCTION

Let G = G(R), where G is a connected reductive linear algebraic group over R. Fix a Cartan
involution @, put K = GY, and write g = ¢ @ p for the complexified Cartan decomposition. If X
is a Harish—Chandra (g, K)-module and S is a spin module for the Clifford algebra of p, the
Dirac operator Dx acts on X ® S. Its Dirac cohomology is

HD(X) = kerDX/(kerDX ﬂime).

The operator and the Clifford-algebra convention are defined in Section 3. The theorem of
Huang—Pandzi¢ [8, Theorem 2.3] states that, for an irreducible module with nonzero Dirac
cohomology, the highest weight of a compact spin-cover constituent determines the infinitesimal
character.

Let P = M AN be a real parabolic subgroup with Langlands decomposition relative to ¢, and
put a = Lie(4) ®r C. For a smooth admissible representation ¢ of M and v € a*, let

Ip(o,v) = nd%(c @ €”)

denote normalized parabolic induction. Dirac cohomology is taken on the K-finite vectors. The
normalization is specified in (3.4).

Theorem 1.1. For every real parabolic subgroup P = M AN of G, every smooth admissible
representation o of M, and every v € a*\ {0},

HD(IP(O', I/)) =0.

The proof constructs, for each H € Lie(A), an operator Cy on the compact realization such
that
D,Cyg+CygD, = —QV(H) id.

If v(H) # 0, this identity implies ker D,, C im D,,. The calculation applies to complex inducing
exponents and does not require unitarity of o.

Next, we apply Theorem 1.1 to standard modules. Such a module has a realization Y = Ip(o,v)
in which o is a discrete series or a limit of discrete series representation and Rewv lies in the
closed positive chamber. Theorem 1.1 implies that Hp(Y') # 0 forces v = 0. In other words, Y’
is irreducible and tempered.

A (g, K)-module is called twisted-elliptic if it admits an extension to K™ = K x (), where ¢
implements 6, with nonzero twisted Dirac index (see Section 3.2). The following theorem can be
seen as an analog of [4, Theorem 1.1] for real groups:

Theorem 1.2. Let Y be a Langlands standard (g, K)-module. Then
(1.1) Hp(Y)#0 <= Y is tempered, twisted-elliptic.
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The proof combines Theorem 1.1 with the classification of tempered representations with
nonzero Dirac cohomology in [6, Theorems 6.1 and 7.5] and the twisted-index formula of [3,
Theorem 5.7].

In Section 4, we prove that the same anticommutator identity holds for parabolically induced
Hecke modules. Consequently, it recovers and simplifies the non-tempered vanishing assertion of

[4].
2. AN ALGEBRAIC VANISHING CRITERION
Let V be a complex vector space and let D € Endc (V). Define
Hp(V) =ker D/(ker D Nim D).
Lemma 2.1. Suppose that C,T € Endc (V) satisfy
DC + CD = 2T, DT =TD,

and that T is invertible. Then Hp(V) = 0. In particular, this holds if DC + CD = —2aidy, for
some a € C\ {0}.

Proof. Since T~! commutes with D, the operator Q = —%C’T ~1 satisfies
DQ+ QD =—-3(DC+CD)T™ ! =idy .

For every x € ker D we therefore have x = DQz. Thus ker D C im D. The scalar assertion
follows by taking T' = aidy. O

3. REAL REDUCTIVE GROUPS

3.1. Dirac cohomology and the infinitesimal character. Let G be a connected reductive
linear algebraic group over R, and put G = G(R). Fix a Cartan involution 6 and write

K=a" go = & D po.

The subscript 0 denotes a real Lie algebra, and its omission denotes complexification. The group
G need not be connected. Choose an Ad(G)-invariant and -invariant symmetric bilinear form
B such that
By(U,V)=—-B(U,0V)
is positive definite on gg. Extend B complex linearly.
Let C(p) be the complex Clifford algebra with defining relation

UV +VU=-2BU, V)L  (UV €p).

Fix an irreducible C(p)-module S. Let K be the pullback of Pin(pg) — O(po) under Ad lpo : X —
O(po). Write ¢ : C(p) — Endc(S) for the Clifford action. For a Harish-Chandra (g, K')-module
X, with Lie-algebra action mx, define the Dirac operator by

dim po
Dx = ) mx(Z)) @ c(Z)),
j=1
where (Z;) is a B-orthonormal basis of pg. This operator is independent of the chosen orthonormal
basis. Let sS(E) denote the spin action of k € K lying over k € K. The diagonal action is

%X(k)) = Wx(k) & Ss(k).
Define the Dirac cohomology of X by:
Hp(X) =ker Dx/(ker Dx Nim Dx).

Since the diagonal action of K preserves both the numerator and the denominator, Hp(X) is a
K-module.

Fix a maximal torus Ty of K°, with Lie algebra ty. Its centralizer hy = to D ap in go is a
fundamental #-stable Cartan subalgebra; here ag = ho N po. Fix positive roots for (¢ t) and

let p. € t* be their half-sum. Regard t* as a subspace of h* by extension by zero on a. An
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infinitesimal character is called real if its representative in h* lies in itj @ aj. This condition is
Weyl invariant and independent of the chosen #-stable Cartan; see [6, pp. 43—44].

Theorem 3.1 (Huang-Pandzi¢). Let X be an irreducible Harish—Chandra module with infini-

tesimal character represented by A € b*. If an irreducible K°-constituent of Hp(X) has highest
weight vy, then

AeW(g,b)(v+pe),
where W (g, ) is the Weyl group of (g,b). In particular, X has real infinitesimal character.

The algebraic identity underlying this theorem is [8, Corollary 3.5], with the disconnected
formulation in [6, Theorem 2.1]. Let A : U(t) — U(g) ® C(p) be the diagonal embedding defined
by the inclusion ¢ C g and the infinitesimal spin action on C(p). On X ® S, its action is

A(Z)|xes = Tx(Z) @idg +idx ®s5(2) (Z €¥),

where s’ is the complexified differential of sg. For every z € Z(U(g)), there is an element a, of
U(g) ® C(p) such that

z2®1—A({(z)) = Da, + a.D,
where ¢ : Z(U(g)) — Z(U(¥))X is the homomorphism which, under the Harish-Chandra
isomorphisms, is restriction from h* to t* [8, Theorem 5.5].

3.2. Standard modules and the twisted Dirac index. Put
Gr=Gx @), =1, g0 '=0(g), K" =Kx(®).

A (g, K*)-module is a (g, K)-module (7, X) equipped with an involution (1) satisfying
m(Nmw(k) = (k)7 (), 7(N)m(Z) =nw(02)n(¥) (ke K, Z €g).

Write X+ for the eigenspaces of (). Since 6|, = —1, the operator 7(¥) ® idg anticommutes
with Dy. It therefore induces an involution on Hp(X); denote its eigenspaces by Hp(X)*.

Definition 3.2. For a finite-length (g, K)-module X with infinitesimal character, its twisted
Dirac indezx is

Iy(X) = [Hp(X)"] — [Hp(X)7] € R(K),

where R(? ) denotes the Grothendieck group of finite-dimensional representations of K. A
(g, K)-module Y is twisted-elliptic if it admits an extension X to (g, K*) with I(X) # 0.

By [3, Proposition 1.8 and equation (1.13)],
(X)=[X"®85 - [X"®S9],

where the right-hand side is initially interpreted in the Grothendieck group of admissible
K-modules.

We now related the twisted Dirac index with the ordinary Dirac index when rank g = rank €.
Then dim p is even, and S = ST @ S~ has its half-spin grading. Let I act by 1 on S*, and put

Key = {(k,u) € K : u € Spin(po)}.

For a finite-length (g, K')-module Y with infinitesimal character, let Hp (V)<
of idy ®I'. Its ordinary Dirac index is

Ip(Y)=[Hp(Y) [Hp(Y)

spin D€ the eigenspaces

spm] spm] [Y ® S+] - [Y ® S_] € R(%ev)'

If K is connected, then Koy = K.

To relate it with twisted Dirac index, one can extend X into a (g, K )-module Y such that
XY as (g, K +) modules. More precisely, suppose 6 = Ad(kg) for some ko € K, then for a
choice of the lift ky € Key of ko normalized as in [3, §1.4], the index characters satisfy

(3.1) X100 (&) = X1p(vy(kok) (k€ Kev),

where x denotes the character of a virtual representation.
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Definition 3.3. A Langlands standard (g, K)-module is the Harish-Chandra module of a
normalized induced representation

Y = Ip(o,v), P =MAN,

where M admits a compact Cartan subgroup, ¢ is an irreducible discrete series or limit of
discrete series representation of M, and

(Rev,a¥) >0 (a € X(n,a)).

Here ¥ (n, a) is the set of restricted roots occurring in n. We require the associated Cartan datum
to be a final limit character in the sense of [1, Definition 11.13].

By [1, Theorem 11.14], a standard module has a unique irreducible quotient, its Langlands
quotient. If v = 0, the inducing representation is unitary and tempered, and Y is a finite direct
sum of irreducible tempered modules [9, Theorem 11.198(a)]. The uniqueness of its irreducible
quotient therefore implies that Y is irreducible.

Now we express a standard module Y = Ip(o,v) in the notations of [3, Section 5.6]. Choose a
compact Cartan subalgebra t of m, put h = t® a, and let H = T'A be the corresponding Cartan
subgroup, with 7= H N K. Choose a #-stable Borel subalgebra by; = t ® uys and a character
&: T — C* such that

02£%73M(C§>7 SM :dim(uMﬁE).
The differential d¢ is an element of t*. With
1
pu=5 > o Ag=di+pu,
a€A(ups,t)

the parameter A, represents the infinitesimal character of o.
Let n= = On, and put
b=(byPa)®dn =hdu, u=uy eHn .
We use the left-derived cohomological-induction convention of [9, (5.2)-(5.3) and §X1.2]: Ly ; is
obtained by algebraic induction from the opposite Borel b°P, with the twist AP u, followed by

the j-th left-derived Bernstein functor.
Define

1
pp(Z) = 5tr(ad(Z)|n) (Z € a), ep(t) =det(Ad(t)ln) (te€T).
The character ep takes values in {£1}: T acts on the real vector space ng, and compactness

forces the absolute value of the determinant to be one. In particular, dep = 0. The required
character of H is

(3.2) Atexp Z) = E()ep(t) e PP D) (e T, Z e ag).
Thus
d\¢= Ay — pur, d\qg =v+ pp.

Extend C¢ and AP uyy trivially across a. If C,_,,, has trivial (t, T)-action and a-action v — pp,
then

Cy® /\topu ~ (Cg & /\top uM> & (C,,,pp.
Induction in stages and [9, Proposition 11.65 and Theorem 11.77] therefore give
(3.3) Y ~ L4 5(Cy) =: Xp(N), s=dim(unt) = sy
as in the notation of [3, Definition 5.5].

We now explain how to extend a standard (g, K)-module Y into a (g, K)-module. Firstly,
note that the Borel subalgebra in (3.3) need not be #-stable. Define the twist Y to have the
same K-action as Y and Lie-algebra action mye(Z) = my (0Z). Therefore

VO~ Xg(0N),  (ON)(h) = A(Bh).
If YO ~ Y, write Y, ¢ = 1, for the two standard extensions specified in [3, §5.2]. If Y £ Y,

the module Y =Y @& Y? extends to (g, KT) by 9(x,y) = (y,z).
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For a §-stable Borel b = h @ u, we also write As(A\) = Xp(A). The character A is weakly good if
Re(d\ + p(u),a") >0 (@ € A(u, h)).

If h = t@ a is fundamental, then uN ¢ determines positive roots for (¢, t). Write p(uNyp) € t* for
half the sum, with multiplicities, of the t-weights in u N p.
The following result follows directly from Theorem 5.7 of [3]:

Theorem 3.4 (Barbasch-Pandzi¢-Trapa). Let Y be a Langlands standard (g, K)-module.

(i) Suppose that YO ~ Y. Then Iy(Y®) # 0 if and only if Y admits a realization Ay(\) with b a
0-stable Borel containing a fundamental Cartan, A weakly good, OA = X, and d\|¢ + p(unp)
is dominant for the positive compact roots.

(i) If Y Y, then I4(Y) = 0.

In the equal-rank case, one always has Y = Y?. The ordinary-index pairing also admits the
elliptic-pairing interpretation of [3, Theorem 6.5] and [7].

3.3. The Dirac family. Let P = M AN be a real parabolic subgroup, with Langlands decom-
position relative to 8. In this subsection, put
my = Lie(M), ap = Lie(A), ng = Lie(N).

Here ay denotes the split component of the inducing parabolic. Define
1
pp(H) = 5 tr(ad(H)hy)  (H € ao)

For a smooth admissible representation ¢ on V, and v € a*, normalized induction consists of
smooth functions f : G — V satisfying

fgman) = e~ P08 g(m) =1 f(g),

(m(90)f)(9) = f(g95 ' 9)-

The variables satisfy g,g0 € G, m € M, a € A, and n € N. If ¢ is specified as a finite-length
Harish—Chandra module, choose a smooth admissible globalization and take the K-finite vectors
after induction.

Restriction to K identifies the K-finite vectors of Ip(o,v) ® S with the space F, of smooth,
left K-finite functions F': K — V, ® S satisfying

(3.5) F(km) = (c(m) ' ®idg)F(k) (k€ K, me KN M).

This space is independent of v. The spin factor is external: in the extension of F' to G, the right
transformation law acts on V5 and trivially on S. _ N
For ko € K lying over ko € K, the diagonal action 7, (ko) = m, (ko) ® ss(ko) is given by

(7 (ko) F) (k) = (idy, @ss(ko)) F (kg k).

Its finite vectors coincide with the finite vectors for external left translation, since S is finite
dimensional. Write D,, for the Dirac operator on F,. The Lie-algebra action on Ip(o,v) ® S is
m,(Z) ®idg for Z € g. For U € p, the Clifford action idy,(,,,) ®c(U) is given in the compact
realization by

(3.4)

((idrp(0,0) ®c(U))F) (k) = (idv, @c(U))F (k).
Thus, for any B-orthonormal basis (Z;) of po,

(DyF) (k) = _(idv, ®c(Z;)) ((m0(Z)) @ ids) F) (k).

J
Lemma 3.5 (Anticommutator identity). For every H € ag, the formula
(CuF)(k) = (idv, ®@c(Ad(k)H))F (k)
defines an endomorphism of F,, and

(3.6) D,Cyg+CygD, = *QV(H) id]:g .
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Proof. For m € KN M, one has Ad(m)H = H because M centralizes a. Hence
(CxF)(km) = (idy, @c(Ad(km)H))(o(m) ™ @ ids)F (k)

= (o(m)~! ®@idg)(idy, ®@c(Ad(k)H))F (k)

= (o(m) "t @idg)(CyF)(k).
The second equality uses both Ad(m)H = H and the commutation of operators on distinct
tensor factors. Thus CyF satisfies (3.5). The matrix entries of k& — c¢(Ad(k)H) belong to a
finite-dimensional space of matrix coefficients of the adjoint representation of K. Their products
with K ;ﬁnite functions are K-finite. Therefore Cy preserves F,.

Let F' be the extension to G defined by (3.4), with trivial action on the spin factor. For
g = kman,
(3.7) CuF(g) = (idy, @c(Ad(k)H)) F(g).
The preceding equivariance calculation makes this formula independent of the choice of the
compact factor k.
Let x be projection onto €y in the direct-sum decomposition

go = o @ (Mo N po) © ag & no.
Fix k € K, and choose a B-orthonormal basis Z1, ..., Zg of pg. Then Ad(k)Z1,...,Ad(k)Zy is
also orthonormal. Near ¢ = 0, choose a factorization

exp(—tZ;) = kj(t)m;(t)a;(t)n;(t)
whose factors equal the identity at ¢ = 0 and for which m}(0) € mg N po. It follows that
K%(0) = x(—Z;) and
exp(—t Ad(k)Z;)k = kk;(t)m;(t)a;(t)n;(t).
The product rule, applied to (3.7), gives
((my(Ad(k)Z;) @ ids)(Cr F)) (k) =(idv, @c(Ad(k)[k(-Z;), H])) F (k)

(3.8) + (idy, ®@c(Ad(k)H)) (7, (Ad(k)Z;) @ idg) F) (k).
Here o(m;(t)) ® idg commutes with idy, ®c(U) for every U € p.

At the fixed point k, use the orthonormal basis (Ad(k)Z;) to write D,. The Clifford relations
in (3.8) then give

((D,Cy + CyD,)F)(k) = Z(idvo @c(Ad(k) Z;)e(Ad(k)[5(~Z;), H]) ) F(k)

J

(3.9) = 2((my(Ad(k)H) @ idg) F) (k).
Since exp(—t Ad(k)H)k = kexp(—tH), the transformation law (3.4) implies
(3.10) —2((m (Ad(k) H) @ ids) F) (k) = —2(v + pp)(H) F(F)

The first sum in (3.9) is independent of the orthonormal basis, since it is the image of
>_j Zj ® Zj under the bilinear map

U@V s idy, ®(c(Ad(k)U)e(Ad(k)[5(~V), H])).

We evaluate it using the restricted-root decomposition of ng. For each o € ¥(n,a), choose a

By-orthonormal basis Xq 1, ..., Xa,m, of the corresponding real root space, and put
_ Xa,r - gXoa,r _ Xa,r + gXoa,r
Zoc,’r‘ - = = Toc,r - - = -
V2 V2

Together with orthonormal bases of mg N po and ag, the vectors Z,, form an orthonormal basis
of pg. Moreover,

*Zoz,r = dar — \/iXOé,T‘v K(*Za,r) = TOAJ‘? [TOAJ‘? H] = 70‘(H)ZOM"'
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Consequently,
idy, @(c(Ad(k) Za,r)c(Ad(K)[Tar, H])) = a(H)idv,es

The compact projection of a vector in (mg N pg) @ ap is zero. Thus the first sum in (3.9) is

(z maaw)) F(k) = 2pp(H)F ().

Combining this with (3.10) proves (3.6). O

Corollary 3.6. Ifv # 0, then
HD(IP(Ua V)) =0.

Proof of Theorem 1.1 and Corollary 3.6. Since ag spans a over C, there exists H € ag with
v(H) # 0. Apply Lemma 2.1 to the identity in Lemma 3.5, with a = v(H). O

Remark 3.7 (Dependence on the inducing exponent). Extend H — Cp complex linearly from
ag to a. Let vf € a be defined by B(v*, H) = v(H) for H € a. Differentiating the inducing
character gives

D, = Dgy+ C,/u.
Indeed, for Z € g and k € K,
((m,(2) = m0(2)) ® ids) F) (k) = v(pro(Ad(k™)2)) F(k),

where pr, denotes the projection in the complexification of the decomposition defining x. The
projection onto a restricts on p to the B-orthogonal projection, so contraction with the Clifford
factor is idy, ®c(Ad(k)v*). The pointwise Clifford relations and Lemma 3.5 at v = 0 give

D2 = D2 — B(v*,v%)idz, .

If o is unitary, then Dy is symmetric on the K-finite vectors. Hence ker Dg Nim Dy = 0,
and Hp(Ip(o,0)) ~ ker Dy. For v # 0, Corollary 3.6 already gives vanishing, even when
B(vf,vf) = 0.

Remark 3.8. For k € K lying over k € K, put e(k) = det(Ad(k)|p,). The Pin convention gives
7 (kYD 7, (k) ' = e(k)Dy, 7 (k)Cp7, (k)™ = e(k)Ch.

The proof of Lemma 3.5 is a pointwise calculation and therefore applies also when K has
orientation-reversing elements.

3.4. The twisted index and Dirac cohomology of standard modules. For a standard
module Y = Ip(o,v), nonzero Dirac cohomology forces v = 0 by Corollary 3.6. Definition 3.3
then implies that Y is irreducible and tempered. We use the following consequence of [6,
Theorems 6.1 and 7.5].

Theorem 3.9 (Dong-Huang). Let Y be an irreducible tempered (g, K)-module. Then Hp(Y') # 0
if and only if there exist a 0-stable Borel subalgebra b = bt & u, with fundamental Cartan subgroup
H =TA, and a weakly good unitary character X of H such that

Y ~ Ap(N), ON =\,
and
(3.11) dA|¢ + p(unp) is dominant for the positive compact roots.
The positive compact roots are those determined by u N €.

Proof. If Hp(Y') # 0, [6, Theorem 7.5] gives the indicated cohomological-induction realization.

For a Borel subalgebra, the Levi factor is the fundamental Cartan. The nonvanishing criterion

in [6, Theorem 6.1] therefore reduces to (3.11), with A = A. Conversely, the same theorem gives

nonzero Dirac cohomology for a realization satisfying these conditions. O
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Proof of Theorem 1.2. Suppose that Hp(Y') # 0. The preceding reduction makes Y irreducible
and tempered. Theorem 3.9 provides a #-stable realization satisfying the compact dominance
condition. Theorem 3.4 then gives Iy(Y¢) # 0. Conversely, nonzero twisted Dirac index implies
nonzero Dirac cohomology by its definition. In either case the infinitesimal character is real by
Theorem 3.1. O

4. APPLICATION TO GRADED AFFINE HECKE ALGEBRAS

We apply Lemma 2.1 to parabolically induced modules for graded affine Hecke algebras. The
resulting vanishing theorem is the counterpart of Theorem 1.1. The final subsection applies it to
geometric standard modules.

4.1. Definitions and normalization. Let Vg be a nonzero finite-dimensional real Euclidean
space with inner product B, and let R C Vg be a reduced root system spanning V. Let W be
its Weyl group. Choose simple roots II and positive roots RT. Put

2c

V=W C Ve ——.
PR T B

The form B is extended complex bilinearly. These spaces and this form are independent of the
Lie-algebra notation in Section 3.

Fix a W-invariant function k£ : R — C. The graded affine Hecke algebra H is generated by
S(V) and C[W], with standard group elements t,,, subject to

(4.1) ts U — Sa(V)ts, = kaB(v,a") (eI, veV).

Its Poincaré-Birkhoff-Witt decomposition is H ~ C[W] ® S(V) as a vector space. For a
nonreduced presentation, choose one reduced root system with the same reflection hyperplanes
and use the coefficients determined by (4.1). More precisely, replacing a simple root « by by,
with b, > 0, replaces kq by boks. The product koo is unchanged. All sums below are over the
positive roots of the chosen reduced system, with one term for each reflection.

For v € V, define

(4.2) Tv—A®),  A@) = % S kaB(o,aV)t, .

aERT
Let C(V) be the Clifford algebra with relations
vu+uv = —2B(v,u)l (v,ueV),

and choose an irreducible C(V')-module Sy, with action ¢ : C(V) — Endc(Sm). For a B-
orthonormal basis eq,...,e, of V, put

=1

This element of H ® Endc(Sk) is independent of the orthonormal basis. If E is an H-module
with action g, then Dy acts on E ® Sy as

Du|pgsy = ZWE(@) ® c(e;).

Thus h € H acts as 7g(h) @ idg,, and v € V C C(V) acts as idg ®c(v). Define
Hp(FE) = ker Dy /(ker Dy N im Dyy),

with kernel and image taken in £ ® Syg. The modified generators are those of [2, (2.13)], and
(4.3) is the Dirac element of [2, Definition 3.1], with the root-space convention of [4, §2.3]. The
polynomial space denoted by V'V in [2] corresponds to V here after identifying the dual Euclidean

spaces.
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4.2. Parabolic induction and the anticommutator. For J C II, let W; be generated by
{Sa : @ € J}, and let H; be the subalgebra generated by all of S(V') and C[W;]. Define

ay = VWJ.
Every H € ay is central in H: it commutes with S(V'), and (4.1) gives t,, H = Ht;, for a € J.
Lemma 4.1 ([2, Proposition 2.10(2)]). For every v € V and w € W,

Vit = typwlv.
Proof. For «a € I1, the reflection s, permutes RT \ {a}. The definition of A(v) gives
ts, A(V)ts, = A(5qv) + kaB(v,a")ts, .

Subtract this identity from
ts, Vts, = 5qU + koB(v,a")ts,
to obtain ts vts, = sqv. The assertion follows because the simple reflections generate W. [

Proposition 4.2 (Hecke algebra anticommutator). Let U be an H j-module and put E = Hey ,U.
For H € ay, define

Tph®u®s)=h® Hu® s (heH, uel, secSy).
This is a well-defined endomorphism of E®Sy commuting with Dy. In the vector-space realization
E~ C[W]&cpw,) U,

the formula

(4.4) Crty @u®s) =t, u c(wH)s
defines an endomorphism of E ® Sy satisfying
(4.5) DuyCyx + CyDy = —2Ty.

If H acts invertibly on U, then Hp(E) = 0. In particular, if H|y = aidy for a # 0, then
DpCy + CyDy = —2aid and Hp(E) = 0.
Proof. Since H is central in H;, the endomorphism u — Hw is H j-linear. It therefore induces an
H-linear endomorphism of E. Acting trivially on the spin factor, this endomorphism is T, which
consequently commutes with Dy. The stated realization follows from the Poincaré-Birkhoff-Witt
decomposition. If j € Wy, then

twj @ u =1, ® tju, wjH = wH.

Consequently (4.4) respects the relations in the balanced tensor product and is well defined.
Lemma 4.1 gives, for every w € W,

1
(4.6) Du(ty ®u®s) = th ® eju ® c(we;)s — 5 Z katws, @ u® c(wa)s.
i a€ERT

Indeed, use the orthonormal basis (we;) in (4.3), move t,, past each modified generator, and
expand (4.2).
Apply Cpg on the left and on the right of Dy in (4.6). Then the first summand of (4.6)
becomes
D tw ®eu® (c(we;)c(wH) + c(wH)c(we;))s = =2 Ble, H)ty ® e;u® s

=2ty @HuU®s=-2Ty(ty QuR ).
Now study the second summand of (4.6):
1
—3 Z ko tws, @u® (c(wav)c(wH) + c(wsaH)c(wavDs.
a€ERT
We claim that

(4.7) c(wa)e(wH) + c(wsoH)c(wa") = 0.
9



To verify the assertion, first observe that
seH =H — B(H,a")a, c(a)e(a") = —2id.
It follows that
c(a)e(H) + c(soH)c(a") = —2B(a”, H)id —B(H, " )c(a)c(a") = 0.
Since w preserves B, the same equality after applying w proves the vanishing of (4.7). Thus every
reflection term cancels separately, proving (4.5). If H|y is invertible, its inverse is H j-linear. In
the stated vector-space realization,
Ty' = idew) @(H|v) ™' @ids, -
Lemma 2.1 applies. Explicitly,
x = Dy (—%CHT§1x> (z € ker D).
The scalar case follows by taking Ty = aid. O

4.3. Vanishing for a nonzero inducing character. For J C II, put V; = spanc J. Then
V =V; @ a; orthogonally. Let H% be generated by S(V;) and C[W;]. The cross relations and
the Poincaré-Birkhoff-Witt decomposition give

H; EH?]SQQS(CU)

For v € a%, let C, be the one-dimensional S(a;)-module on which H acts by v(H). For an
H%-module o, put
E(J,o,v) =H®u, (c @C,).

Corollary 4.3 (Nonzero inducing character). For every J C II, every H%-module o, and every

v € aj\ {0},
’ Hp(E(J,0,v)) = 0.

The parameter function k may be complex-valued.
Proof. Choose H € ay with v(H) # 0. On o ® C,, the element H acts by the scalar v(H).
Proposition 4.2 gives

DyCpy + CygDy = —2v(H)id.

Lemma 2.1 proves the assertion. O

Definition 4.4. Assume that the parameter function k : R — R is real-valued. For J C II, let
wd € Vj be characterized by B(w/, ") = 645 for a, 3 € J. A finite-dimensional H%-module o
is tempered if every generalized S(Vy)-weight n € V; of o satisfies

Ren(w!) <0 (e J).

A Langlands standard module is a module E(J,0,v), where o is irreducible tempered and
v € a’, extended by zero on Vj, satisfies

Rev(a) >0 (€ Il'\ J).
This is the convention of [11, §3 and Theorem 3.3].

Corollary 4.5. Assume that k is real-valued, and let E = E(J,0,v) be a Langlands standard
module as in Definition 4.4. If J # 11, then Hp(E) = 0. Consequently every non-tempered
Langlands standard module has zero Dirac cohomology.

Proof. If J # 11, the strict chamber condition implies v # 0, so Corollary 4.3 applies. If J =1II,
then ay = VW =0, and FE = o is tempered by definition. O

Remark 4.6. For crystallographic R, the ordinary Dirac index defined in [5, §2.5] vanishes for
every finite-dimensional module induced from a proper parabolic subalgebra; see [5, §2.10 and
Remark 3.1]. This is an equality of virtual representations, and does not by itself imply vanishing
of Dirac cohomology. Corollary 4.3 proves the latter vanishing when v # 0.
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4.4. Geometric realizations and parabolic induction. We apply Proposition 4.2 to the
geometric standard modules of [4, Definition 4.6]. We retain the hypothesis that the roots span
V. Note that our parametrization differs from that of [4, §4.1] by a scalar, which does not affect
the vanishing assertion.

Let G denote the connected complex reductive group defining the geometric parameters,
and let hgeom be the Lie algebra of the connected centre of the cuspidal Levi subgroup. Thus
V' = Bgeom- Here e is nilpotent and s is semisimple in the Lie algebra of G, [s, €] = 2re, and ( is
an irreducible representation of the component group specified there.

Explicitly, put

Zg(e,5) = {(g,0) € G x T : Ad(g)e = a’e, Ad(g)s = s},
Ag(e,s) = Zg(e, s)/ Zg(e, 5)°.
Here the superscript o denotes the identity component, so Ag(e, s) is a finite group. Its action

on the geometric module F; ., commutes with the H-action, and ¢ is an irreducible complex
representation of this group. The module with parameter ¢ is the multiplicity space

ES,G:EC - HomAg(e,s)(C> Es,e,r)a

as in [4, Definition 4.6]. We write Esg et when it is necessary to specify the ambient group.
Throughout this subsection, assume r € R\ {0}. Let w, € V be the fundamental weights,
characterized by B(wq, ") = d4p. Following [4, Definition 4.5], Es ., is tempered if every

generalized S(V')-weight A € V* of E, ., ¢ satisfies

Re A(wq)
r

>0 (a € 10).
Proposition 4.7. Let E = Esgw ¢ be a nonzero geometric standard module which is not tempered.
Choose an sla-triple (e, he, fe) satisfying [s,he] = 0 and [s, fe] = —2rf., and put z = s — rh,.
ForceC, set

ggeom (¢) = {x € Lie(9) : [z, 2] = cz}.
Let QQ be the parabolic subgroup with Levi subgroup M defined by

(4.8) Lie(Q) = @ ggeom(o), Lie(M)= &  ggeom(c).

Re(c)/r<0 Re(c)/r=0

After choosing a compatible positive system, the inherited cuspidal datum identifies the Hecke
algebra of M with Hj for some J C II. Let (aq correspond to ( under the natural isomorphism
of the component groups for (e, s) in M and G. Then the geometric standard module for M with
the same s, e, r satisfies

U:=E Ef,..~Heu,U

$,e,7,0 M s

Moreover, U 1is irreducible and has the form
U~xo®C,, v e ay\ {0},
where o is an irreducible H -module. In particular, some Hy € a; acts invertibly on U.

Proof. The compatible triple and the parabolic subgroup in (4.8) are constructed in [10, §§3.11-
3.12]. For this Levi subgroup, Lusztig’s induction theorem gives induction from the nonzero
irreducible module U, as recalled in [4, §5.1]. The identification of the component groups and
the formula U = Eé\,/e[mCM are supplied by [10, §3.38(c),(e) and §3.39]; the inherited algebra is
the full parabolic algebra H; by [10, §1.16]. Since S(ay) is central in H;, Schur’s lemma gives
U ~ o ® C, with o irreducible. It remains to prove that J # II and v # 0.

Choose a parabolic subgroup Py in the fixed cuspidal conjugacy class such that Py C Q and

z € pp = Lie(Fp), and put

t = z mod [po, po] € po/[Po, Po] =~ Hgeom-
11



Such Py exists, and ¢ is independent of its choice, by [10, Lemma 3.25]. Lemma 3.26(a),(b) gives
(4.9) Rea(t) [=0, acJ,
r <0, acll\J
Moreover, Lemma 3.26(c),(d), together with the weight identifications in [10, §3.36(c),(d) and
§3.38(d)], gives, for every generalized S(V')-weight n of U,
Ren(wq) N Rewq (t)
T o T

(4.10)

(o € 10,

with equality for o ¢ J. These statements use our fundamental weights, which are positive
multiples of Lusztig’s dominant generators [10, §§3.4-3.6].

If J =TI, then Q@ = G and U = E. Since the roots span V', (4.9) implies Rew, (t)/r = 0 for
every a. Equation (4.10) would then make E tempered. Thus J # II.

Choose € IT\ J. Then Hy = wg € a;, and every weight of U restricts to v on a;. Write

wg = bacv, by >0, bg > 0,
a€cll
using positivity of the inverse Cartan matrix on each irreducible component. The equality case
of (4.10) and (4.9) yield

Rev(Hy) _ Rews(t) _ 3 baRea(t) <0

r r aell r

The B-summand is strictly negative and all other summands are nonpositive. Hence v # 0 and
Hyly = v(Hp) idy is invertible. O

Corollary 4.8 (Non-tempered geometric standard modules). For every non-tempered geometric

standard module F,
Hp(E) =0.

Proof. Apply Proposition 4.2 to the induction description in Proposition 4.7. O

Remark 4.9. Corollary 4.8 gives an anticommutator proof of the non-tempered vanishing in [4,
Theorem 6.4]. The tempered results and the twisted-index criterion are [4, Theorems 6.2-6.3
and Corollary 6.6].
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